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Plane Graphs and Cohen-Macaulay Posets 
TAKAYUKI HIBI 
For which plane graphs G allowing loops and multiple edges is the face poset peG) of G 
Cohen-Macaulay (resp. level, Gorenstein)? The purpose of this paper is to prove the following 
results. (C-M) The poset peG) is Cohen-Macaulay iff G is connected. (Lev) The poset peG) is 
level iff (i) G is connected and (ii) either G has no loop and no cut-vertex or G-{loops} is a 
tree. Also, (Gor) The poset peG) is Gorenstein iff (i) G is connected and (ii) either G has no 
loop and no cut-vertex or G consists of (a) one vertex and one loop or (b) two vertices and one edge. 
1. RESULTS 
(1.1) All posets (partially ordered sets) to be considered are finite. The length of a 
chain (totally ordered set) X is #(X) - 1, where #(X) is the cardinality of X as a set. 
The rank of a poset P, denoted by rank(P), is the supremum of lengths of chains 
contained in P. The height of an element a in a poset P is the supremum of lengths of 
chains descending from a, and is written as heightp ( a). A poset P is called pure if any 
maximal chain contained in P has a length equal to rank(P). If P is pure of rank d-1 
then we often write P = Po U PI u· .. U Pd- l , where P; is the set of height i elements 
of P. 
(1.2) Let G be a finite plane graph allowing loops and multiple edges. Let V = V(G) 
(resp. E = E(G), R = R(G» be the set of vertices (resp. edges, regions) of G. The 
face poset P = P( G) of G is the rank-2 pure poset Po U PI U P2 , where Po = V, PI = E 
and P2 = R, the partial order of which is defined by the incidence relation. 
For example, the face poset peG) of G in Figure 1 looks like Figure 2. 
Let G an!i G' be plane graphs. Then we say that G is isomorphic to G' if the face 
poset peG) of G is isomorphic to the face poset peG') of G'. 
(1.3) Let ..1 be a simplicial complex on the vertex set V = {Xl' X2, •.. ,Xv}. Thus ..1 
is a collection of subsets of V such that (i) {X} EL1 for all X E V and (ii) if a E ..1 and 
Tea then T E ..1. If a E ..1 and #( a) = i + 1, then we call. a an i-face of ..1. Let 
d = max { # ( a); a E L1}. Then the dimension of ..1, written by dim ..1, is d - 1. If every 
maximal face of ..1 is a (d - 1)-face, then we say that ..1 is pure. 
Let /; = /;(..1) be the number of i-faces of ..1. Thus to = v. The vector f = f(L1) = 
(to, 11' ... ,Id-l) is called the I-vector of ..1. In terms of the f-vector of ..1, letting 
1-1 = 1, define hi = hi(L1) to be 
i . . (d - j) 
hi = L ( - 1)'-' d _ . h-l' 
,=0 l 
Thus ho = 1, hI = v-d. The vector h = h(L1) = (ho, hI, ... , hd) is called the h-vector 
of ..1. Let a = a(L1):= max{s; hs *- O} - d (:;;;0), which is called the a-invariant of ..1. 
(1.4) For any face a of ..1 we define 
linkl1(a) = {T E ..1; anT = 1>, aUT E L1}; 
in particular, linkl1 (1)) = ..1. Also, for any subset W of the vertex set V, we define 
L1w = {aE ..1; ac W}, 
which is a simplicial complex on the vertex set W. 
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Let k be a field. A simplicial complex .1 is called Cohen-Macaulay over k if, for any 
a E .1 (including a = <p), 
H; (link,<1( a); k) = 0 for all i * dim(link,<1( a». 
Here fI; denotes the ith reduced simplicial homology group with coefficient field k. 
Every Cohen-Macaulay complex is pure. If .1 is Cohen-Macaulay, then so is 
link,<1( a) for any a E.1. Also, a simplicial complex of dimension one is Cohen-
Macaulay iff its geometric realization is connected. 
(1.5) Now, assume that a simplicial complex .1 on the vertex set V is Cohen-
Macaulay over a field k. Let #(V) = v, dim.1 = d - 1 and a = a(.1). Then the type of 
.1 over k is defined to be 
typek(.1):= 2: dimk Hj(w)(.1w; k), 
WcV 
where j(W) = #(W) - (v - d) - 1. 
From the viewpoint of commutative algebra, the inequality 
ha+i.1):S;; tYPek(.1) 
can be checked without difficulty. So, Stanley [9] says that a Cohen-Macaulay complex 
.1 over a field k is level if ha+d (.1) = typek(.1). For example, if .1 is Cohen-Macaulay 
then the i-skeleton 
.1i : = {a E .1; #( a) :s;; i + I} 
is level with a(.1i ) = 0 for any i < d - 1 (cf. [4]). Moreover, if .1 is Cohen-Macaulay 
and a + d:s;; 1, i.e. h i (.1) = 0 for any i ~ 2, then .1 is level. Refer to [5, §1] for 
ring-theoretical background of level complexes. 
Also, a Cohen-Macaulay complex.1 over a field k is called Gorenstein if 
typek(.1) = 1. Thus a Cohen-Macaulay complex .1 is Gorenstein iff .1 is level with 
ha+d = 1. For example, if the geometric realization 1.11 of .1 is homeomorphic to the 
(d -I)-sphere Sd-l, then .1 is Gorenstein. 
Consult Reisner [8], Stanley [10] and Hochster [7] for further information. 
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(1.6) Let P be a poset on the vertex set V. Define L1(P) to be the set of chains of P, 
and L1(P) turns out to be a simplicial complex on the vertex set V. This simplicial 
complex L1(P) is called the order complex of P. We say that P is Cohen-Macaulay 
(resp. level, Gorenstein) over a field k if so is L1(P). Also, we use the notation f(P), 
h(P), a(P), typek(P) instead off(L1(P)), h(L1(P)), a(L1(P)), typek(L1(P)) respectively. 
(1. 7) Our main result is: 
THEOREM Let G be a finite plane graph allowing loops and multiple edges and let 
P( G) be its face poset: 
(C-M) The poset P(G) is Cohen-Macaulay iff G is connected. 
(Lev) Let G* be the subgraph of G obtained by removing all loops from G. Then the 
poset P( G) is level iff (i) G is connected and (ii) either G has no loop and no cut-vertex 
or G* is a tree. 
(Gor) The poset P(G) is Gorenstein iff (i) G is connected and (ii) either G has no loop 
and no cut-vertex or G consists of (a) one vertex and one loop or (b) two vertices and 
one edge. 
2. PROOFS 
(2.1) Let G be a finite plane graph allowing multiple edges but without loops. Then 
the geometric realization 1L1(P(G))1 of the order complex L1(P(G)) of the face poset 
P(G) of G is homeomorphic to the 2-sphere S2 iff G has no cut-vertex (cf. Bj6rner [2]). 
(2.2) Let VI and Vi be finite sets and V = VI U Vi, V' = VI n V2 • Also, let PI (resp. 
P2) be a poset on VI (resp. V2). Then a poset P (resp. P')) on V (resp. V') is called a 
union (resp. an intersection) of PI and P2 if L1(P) = L1(PI) U L1(P2 ) (resp. L1(P') = 
L1(PI) n L1(P2)). Also, a poset P on V is called the glueing of PI and P2 if (i) 
L1(P) = L1(PI) U L1(P2 ) and (ii) PI and P2 are subposets of P. Note that a union or an 
intersection is not necessarily unique even though it exists. However, the glueing is 
unique if it exists (cf. [3]). 
Let PI and P2 be Cohen-Macaulay with rank(PI ) = rank(P2). Assume that there exist 
both a union P and an intersection P' and that rank(P) = rank(P') + 1. Then P is 
Cohen~Macaulay iff so is P'. This fact can be proved using the Mayer-Vietoris 
sequence. 
(2.3) Let G be a finite connected plane graph allowing loops and multiple edges. Let 
ll' E V(G) be a .cut-vertex of G and E", = {Av A 2 , ••. ,An} c E(G) (n ~ 2) the set of 
edges of G which are incident to ll'. [If there exists a loop which is incident to a vertex 
ll' of G, then ll' may be considered as a cut-vertex of G even though ll' is not a 
cut-vertex of G-{loops}.] Then we say that ll' is normal if there exists a line I on the 
plane into which G is embedded satisfying (i) ll' is on I, (ii) no vertex of G other than 
ll' is on I, (iii) I crosses no edges of G, and (iv) for some partition E", = E; U E-;;, 
E; * 4>, E-;; * 4>, E; n E-;; = 4>, each edge of E; is contained in 1+ and each edge of 
E-;; is contained in r. Here 1+ and 1- are the two open half-spaces determined by I. 
For example, the cut-vertex ll' of G in Figure 3 is normal. 
If G has a cut-vertex then there exists a plane graph G' such that G' is isomorphic to 
G, and G' has a normal cut-vertex. 
(2.4) We now prove the 'if' part of the statement (C-M) by induction on #(V(G)). 
If G has no cut-vertex (hence, of course, G has no loop), then the geometric 
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realization 1.1(P(G»1 of the order complex .1(P(G» of P(G) is homeomorphic to the 
2-sphere S2 by (2.1); thus, in particular, P(G) is Gorenstein. 
So, suppose that G has a cut-vertex (1'. We may assume that (1' is normal. Let E(G)+ 
(resp. E(G)-) be the set of edges of G contained in /+ (resp. r). Let r (resp. r) be 
the subset 
{z E P(G); z is comparable with no A E E(G)+ (resp. E(G)-)} 
of P(G) and P(G)+ (resp. P(G)-) the subposet P(G) - r (resp. P(G) - r) of P(G). 
Then P(G) is the glueing of P(G)+ and P(G)-, and an intersection of P(G)+ and 
P(G)- looks like Figure 4, where X E R(G) is the exterior region of G. Also, both 
P(G)+ and P(G)- are Cohen-Macaulay by the assumption of induction. Hence, 
thanks to (2.2), P(G) is Cohen-Macaulay. 
(2.5) The 'only if part of (C-M) is almost obvious. In fact, if G is not connected 
then, for some region Y of G, the geometric realization IlinkL1(p(G»( {Y})I of 
linkL1(p(G))({Y}) is not connected, hence linkL1(p(G))({Y}) is not Cohen-Macaulay; thus 
P(G) is not Cohen-Macaulay. 
(2.6) We now compute the h-vector h(P(G» of the face poset P(G) of a plane 
graph G. Let G be a connected plane graph allowing loops and multiple edges. For any 
region X of G, let nG(X) (resp. mG(X» be the number of vertices (resp. edges) which 
are incident to X. 
Let V = V(G), E = E(G), R = R(G) be the set of vertices, edges and regions, 
respectively. Also, let L = L(G), (c: E = E(G» be the set of loops of G. Then the 
I-vector I(P(G» = (/0,[1>/2) is 
10 = #(V) + #(E) + #(R), 
11 = 2· #(E) - #(L) + L {nG(X) + mG(X)}, 
XER(G) 
12=2 L mG(X)-2· #(L). 
XER(G) 
r: 
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Hence the h-vector h(P(G» = (ho, hi' h2' h3) is 
ho = 1, hi = #(V) + #(£) + #(R) - 3, 
h2 = 2: {nc(X) + mc(X)} - #(L) - 2· #(V) - 2· #(R) + 3, 
XER(G) 
h3 = 2: {mc(X) - nc(X)} - #(L) + 1, 
XER(G) 
since #(V) - #(£) + #(R) = 2 by Euler's formula. 
Let G*:= G - L(G) be the subgraph of G obtained by removing all loops from G. 
Also, let I(P(G*» = (f;, It, In (resp. h(P(G*» = (h;, h~, h;, h;» be the I-vector 
(resp. h-vector) of the face poset P(G*) of G*. Then n = 10 - 2· #(L), It = 
II - 4· #(L), n = 12 - 2· #(L); thus h; = ho, h; = hI - 2· #(L), h; = h2' h; = h3. In 
particular, the a-invariant a(P(G» of the poset P(G) is zero (namely, h3=F0) iff 
a(P(G*» = O. 
We easily see that a(P(G» = a(P(G*» < 0 iff G* is a tree. In fact, if G* is not a 
tree, then mG'(X);;:' nG'(X) for any region X E R(G*) of G*; hence h; ;;:.1, and thus 
a(P(G*» = O. Conversely, if G* is a tree then G* has only one region, the exterior 
region, and h; = #(£(G*» - #(V(G*) + 1 = 0; thus a(P(G*» < o. 
If G* is a tree then h; = 0; thus h2 = 0 and hence a(P(G»:o:;; -2. Since hi> 0 we 
have a(P(G»;;:' - 2. Thus a(P(G» = - 2 iff G* is a tree. 
(2.7) Let.:1 be a Cohen-Macaulay complex on the vertex set V over a field k. Then 
a vertex x E V is called regular (resp. semi-regular) with respect to .:1 if the simplicial 
complex .:1v -{x}:= {a E .:1; x (j. a} on the vertex set V - {x} is Cohen-Macaulay (resp. 
pure) and dim .:1v -{x} = dim.:1. Baclawski [1] says that every vertex of V is regular with 
respect to L1 iff .:1 is level over k with a(.:1) = O. 
A point a of a Cohen-Macaulay poset P is called regular (resp. semi-regular) if the 
subposet P - {a} is Cohen-Macaulay (resp. pure) and rank(P - {a}) = rank(P) 
(cf. [5]). 
(2.8) We now turn to the proof of (Lev) and (Gor). Let G be a connected plane 
graph allowing loops and multiple edges. . 
First, assume that G* is not a tree, namely a(P(G» = O. Thanks to (2.1), if G has no 
loop and no cut-vertex then P(G) is Gorenstein; hence P(G) is level. On the other 
hand, by (2.7), P(G) is level iff every point of P(G) is regular. If a vertex a of G has a 
loop A, then heightp(G)_{a}(A) = 0; thus a E P(G) is not semi-regular. Also, if {3 is a 
normal cut-vertex of G, then link.1(p(G)-{Il})( {X}) is not Cohen-Macaulay, where X is 
the exterior region; thus {3 E P( G) is not regular. Hence, if P( G) is level then G has no 
loop and no cut-vertex. 
Secondly, if G* is a tree then a(P(G» = -2 by (2.6); hence P(G) is level (cf. (1.5». 
Thus P(G) is Gorenstein iff hl(P(G» = 1; in other words, #(V(G» + #(£(G» + 
#(R(G» = 4. 
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